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ON THE DIMENSION OF SCHUR MULTIPLIER OF LIE
ALGEBRAS OF MAXIMAL CLASS
AFSANEH SHAMSAKI AND PEYMAN NIROOMAND
Abstract. The paper is devoted to obtain an upper bound for the Schur
multiplier of nilpotent Lie algebras of maximal class. It improves the later
upper bounds on the Schur multiplier of such Lie algebras.
1. Introduction and Preliminaries
There are wide literature to show that the results on the Schur multiplier of finite
p-group have analogues on the Schur multiplier M(L) of a nilpotent Lie algebra L.
For an n-dimensional nilpotent Lie algebra, Moneyhun in [2] showed dimM(L) ≤
1
2
n(n − 1). Later this bound improved by the authors in [3]. More precisely, it
is proved for a non-abelian nilpotent Lie algebra of dimension n with the derived
subalgebra of dimension m, dimM(L) ≤ 1
2
(n+m− 2)(n−m− 1) + 1. When L is
nilpotent of maximal class, then dimL2 = n− 2 and so we have dimM(L) ≤ n− 1.
Recently this bound improved for the of nilpotent Lie algebra of maximal class in
[4, Theorem 3.1]. It is shown that for maximal class for a nilpotent Lie algebra of
maximal class of dimension n, dimM(L) ≤ n− 2.
In this paper for a field of characteristic not equal to 2, we are going to improve
this bound as follows.
Main Theorem. Let L be an n-dimensional nilpotent Lie algebra of maximal class.
Then dimM(L) ≤ n/2 when n is even and dimM(L) ≤ ⌈(n+ 1)/2⌉ otherwise.
We also give some examples of nilpotent Lie algebras of maximal class such that
the Schur multiplier of them obtained the upper bound of Main Theorem. (See
Examples 2.1 and 2.2.)
Let F/R be a free presentation of the c-step nilpotent Lie algebra L and let for all
2 ≤ i ≤ c, λi : L/γ2(L) ⊗ γi(L)/γi+1(L) −→ [F, γi(F ) + R]/[γi+1(F ) + R,F ] are
defined in [5]. Then
Lemma 1.1. (See [5, Lemma 3.1]) Let L be a Lie algebra. Then for all x1, x2, ..., xi+1 ∈
L, we have
[[x1, x2, ..., xi]l, xi+1] + [[xi+1, [x1, x2, ..., xi−1]l], xi]
+ [[[xi, xi+1]r, [x1, ..., xi−2]l], xi+1]
+ [[[xi−1, xi, xi+1]r, [x1, x2, ..., xi−3]l], xi−2] + ...+ [[x2, ..., xi+1]r, x1] = 0
for i ≥ 3, where
[x1, x2, ..., xi]r = [x1, [...[xi−2, [xi−1, xi]]...] and [x1, x2, ..., xi]l = [...[[x1, x2], x3], ..., xi].
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Corollary 1.2. (See [5, Corollary 3.2]) Let Ψi : L × ... × L −→ γi(L)/γi+1(L) ⊗
L/γ2(L), given by
Ψi(x1, x2, ..., xi+1) =[x1, x2, ..., xi]⊗ xi+1 + [xi+1[x1, x2, ..., xi−1]l]⊗ xi
[[xi, xi−1]r, [x1, x2, ..., xi−2]]⊗ xi−1
[[xi−1, xi, xi+1]r, [x1, x2, ..., xi−3]l]⊗ xi−2
+ ...+ [x2, ..., xi+1]⊗ x1,
for all 2 ≤ i ≤ c. Then ImΨi ⊆ kerλi.
To prove the Main Theorem we need the following theorem.
Theorem 1.3. (See [3, Corollary 2.3]) Let L be a finite dimensional Lie algebra
and K be a central ideal of L. Then
dimM(L) + dim(L2 ∩K) ≤ dimM(L/K) + dimM(K) + dim(L/K)ab ⊗K.
2. proof of the main theorem
Proof of the Main Theorem. Since L is an n-dimensional nilpotent Lie
algebra of maximal class, we have dimL/γ2(L) = 2 and dim γi(L)/γi+1(L) = 1 for
all 2 ≤ i ≤ c. It is know that the Frattini subalgebra L is equal to L2. Hence we
may assume that L = 〈s, s1〉 such that s, s1 /∈ γ2(L). On the other hand, by using
the proof of [5, Theorem 1.1], we have
dim(M(L)) = dim(M(L/γ2(L))) + (dim(L/γ2(L)− 1) dim γ2(L)−
c∑
i=2
dimker(λi).
Since dimL/γ2(L) = 2, we have
(2.1) dimM(L) = (n− 1)−
n−1∑
i=2
dimker(λi).
First assume that n be even. We claim that ImΨi 6= 0 for all odd i and 2 ≤ i ≤ n−1.
Put si = [si−1, s] for all i ≥ 2. We can check that si ∈ γi(L) \ γi+1(L) for all
2 ≤ i ≤ n− 1. Thun for all 2 ≤ i ≤ n− 1,
Ψi(s, s1, s, ..., s, s1, s) = [s, [s, s1, s, ..., s, ]l]⊗ s1 + [[s, ..., s, s1, s]r, s]⊗ s1 + w ⊗ s,
for some w ∈ L. Since i is odd,
[s, [s, s1, s, ..., s, ]l] = [[s, ..., s, s1, s]r, s] = si.
Hence Ψi(s, s1, s, ..., s, s1, s) = 2si ⊗ s1 + w ⊗ s. Now, since our field doesn’t have
characteristic 2 and si ∈ γi(L) \ γi+1(L), 2si ⊗ s1 6= 0. On the other hand, 2si ⊗
s1 and w ⊗ s belong to different direct sum summands γi(L)/γi+1(L) ⊗ 〈s1〉 and
γi(L)/γi+1(L)⊗ 〈s〉, respectively. Hence 2si⊗ s1 +w⊗ s 6= 0 and so ImΨi 6= 0. By
using Corollary 1.2, we have ImΨi ⊆ kerλi. Therefore
n−1∑
i=2
dimker(λi) ≥
1
2
(n− 2).
Using the equality (2.1),
dimM(L) = (n− 1)−
n−1∑
i=2
dimker(λi) ≤ (n− 1)− (n− 2)/2 = n/2.
Let now n be odd. By using Theorem 1.3, we have dimM(L) ≤ dimM(L/Z(L))+
1. In this case dimL/Z(L) = n − 1 is even, thus dimM(L/Z(L)) ≤ (n − 1)/2.
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Therefore dimM(L) ≤ (n− 1)/2+ 1 = (n+ 1)/2 and so dimM(L) ≤ ⌈(n+ 1)/2⌉.
The proof is completed.
The following examples show that the upper bound of the Main Theorem can be
obtained by some Lie algebras.
Example 2.1. Let L ∼= L(3, 4, 1, 4) = 〈x1, ..., x4 | [x1, x2] = x3, [x1, x3] = x4〉.
Then L is a nilpotent Lie algebra of maximal class of dimension 4. By looking
in [1, Section 4], we have dimM(L(3, 4, 1, 4)) = 2. Hence the bound of the Main
Theorem is obtained when n is even.
Example 2.2. Let L ∼= L(7, 5, 1, 7) = 〈x1, ..., x5 | [x1, x2] = x3, [x1, x3] = x4, [x1, x4] =
x5〉. Then L is a nilpotent Lie algebra of maximal class of dimension 5. By using
[1, Section 4], we have dimM(L(7, 5, 1, 7)) = 3. Thus the bound of Main Theorem
is obtained when n is odd.
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